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A  TABLE  OF  RADIATION  CHARACTERISTICS  FOR  UNIFORMLY 
SPACED  OPTIMUM  ENDFIRE  ARRAYS  WITH  EQUAL  SIDELOBES 

M.  T.  Ma  and  D.  C.  Hyovalti 

Numerical  results,  in  table  form,  on  the  required 
phases,  the  directive  gain,  the  current  excitations,  the 
location  of  all  the  sidelobes  and  nulls,  and  the  beamwidths 
for  uniformly  spaced  optimum  endfire  arrays  with  equal 
sidelobes  are  given.    A  total  number  of  elements  of  3 
through  15  and  then  20,  25, and  30  with  varying  sidelobe 
levels  of  10,  15,  20,  25,  30,  40, and  50  dB  below  the  main 
beam  is  considered. 

Key  Words:  Theory,  antenna  array,  endfire,  optimum, 
directive  gain,   sidelobe,  excitation,  phase,  beamwidth. 

1.  Introduction 

In  a  recent  paper  [Ma,  1965],  the  mathematical  formulation  for 
uniformly  spaced  optimum  endfire  arrays  with  equal  sidelobes  was  pre- 
sented.   Numerical  results  on  the  directive  gain,  the  beamwidths,  the 
current  excitations,  and  the  required  phases  for  an  array  of  3  through 
7  elements  with  a  sidelobe  level  of  -20  dB  were  also  given  there.  The 
purpose  of  this  monograph  is  to  extend  the  numerical  results,  in  table 
form,  for  a  total  number  of  elements  up  to  30  with  varying  sidelobe 
levels  of  10,   15,  20,  25,  30,  40,  and  50  dB  below  the  main  beam.  More 
curves  showing  detailed  relationships  among  important  radiation  char- 
actistics  are  added.    For  completeness  and  reader' s  convenience,  an 
outline  of  the  necessary  mathematics  is  also  included.    For  discussions 
and  details  the  reader  is  referred  to  the  previous  paper  [Ma,   1965]  . 
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2.    Necessary  Mathematics 
It  was  previously  shown  [Ma,  1965]  that  a  linear  array  of  n 
equispaced  isotropic  elements  with  uniformly  progressive  phase  as  given 
in  figure  1  can  be  mathematically  represented  by  a  polynomial,  P(y), 
for  the  power,  where  y  is  defined  in  (3). 
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Figure  1.     A  linear  array  of  n  equispaced  isotropic  elements. 

For  arrays  producing  the  maximum  possible  number  of  physical 
nulls  in  the  visible  region  (O^B^n),  P(y)  takes,  respectively,  the  following 
forms,  depending  on  whether  n  is  odd  or  even: 

n-1  i 


2 

\3 


'PJy)  =     n     (y^b  r         for  odd  n,  (1) 
"  k=l  ^  I 

o'r  I 

i 

n-2 
2 

P  (y)  =  (y+2)    n      (y+b  f    for  even  n,  (2) 
^  k=l  ^ 

with  nulls  given  by  y  =  -b    and  y  =  -2  (for  even  n  only), where  all  b  are 

real  and  distinct,  \  \ 

Y  =  Z  cos  (pdcos  0  +  a)  (3) 
In  (3),  3  =  2n/  X  is  the  phase  constant  with  \  representing  the  free  space 
wavelength  and  a  is  the  progressive  phase  lead  of  the  element  excitations 
along  the  array.    The  corresponding  array  polynomials  are,  respectively, 
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n-1 

n-1       ^  2 

E^(z)  =  S   a  z    =    n     (1+b  z+z^)  for  odd  n,  (4) 

k=0  k=l 


and 


n-2 

n-1  2 
E  (z)  =    r    a  z    =  (1+z)    n    (1+b,  z  +  z®)    for  even  n,  (5) 
k=0    ^  k=l  ^ 

where  z  is  related  to  y  in  (3)  by  y  =  z  +  z"^  .    The  excitation  coefficients 

a    required  for  all  the  elements  can  then  be  determined  by  expanding  the 

products  in  (4)  or  (5). 

For  arrays  having  all  the  sidelobes  equal  in  level,  the  locations  of 

nulls  (y  =  -b  )  and  sidelobes  (y  =  y,)  are  related  in  a  special  manner, 
k  ^ 

where 

2  >  (-bi)  >  yi  >(-b2)  >  ys  >  .  .  •>  y^_3  >(-b^_i)>  ("2)  o^d  n,  (6) 


and 


2  >  (-bi )  >  yx  >  •  .  .  >  y     ^  >  (-2)         for  even  n.  (7) 

n-2 


The  parameters  b    in  (1)  or  (2),  the  corresponding  excitation  coefficients 
in  (4)  and  (5),  and  the  location  of  sidelobes  can  be  uniquely  determined 
once  a  desired  sidelobe  level  relative  to  the  main  beam  [P(2)/P(yi)]  or 
a  desired  first  null  location  (-bi)  is  specified. 

After  a  power  polynomial  P(y)  is  determined,  the  directive  gain 
of  the  array,  under  the  ordinary  endfire  condition  (a  =  -3d),  can  be 
calculated  as: 

2pd  P(0) 


g  =  ,  (8) 


where 
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w  = 
o 


_  r^b  P(y) 


0    74 -y^ 


dy,  (9) 


y^  =  2  cos  (-23d)  (10) 

It  has  been  known  that  such  an  ordinary  endfire  array  will  yield 
an  optimum  relation  between  the  beamwidth  and  the  sidelobe  level  pro- 
vided that  d>  d=:',  were  d-I-  is  related  to  y-''  by  y=:=  =  2  cos  (-2Pd'I^)  such  that 
p(y;:j)  =  P(yj).    For  d  <  d*,  some  of  the  sidelobes  will  be  shifted  into  the 
"invisible  region,"  making  the  resultant  radiation  characteristics  non- 
optimum.    To  improve  the  result  when  d  <  d-'S  an  optimum  endfire 
condition  on  a,  together  with  a  linear  transformation  of  variable  such  as 

y'  -  ki  y  +  ks  ,  (11) 
was  suggested  before  so  that  the  final  radiation  pattern  still  has  the 
maximum  number  of  sidelobes  of  equal  level.    The  geometrical  meaning 
of  (11)  was  explained  fully  in  the  previous  paper  [Ma,  1965].    The  phase 
a  and  the  parameters  k^  and  kg  required  to  produce  an  optimum  endfire 
array  once  a  d  <  d-I^  is  specified,  can  be  calculated  by  the  following 
equations: 

a      2-V  2  +  y':=  3d 
tan  -  =   — —  tan  -7-    .  (12) 

2+  y  2  +  y- 


k.  =  -sin^(|  +  f  )<0,  (13) 


k2  =  2  (1  +  kj  =  2  cos^  CI+  ^'  ^^^^ 


where 


y^:<  =  2  r  1  -  b,  .  ^  ,  for  n  odd  and  (n  -  1)/  2  odd; 

^  V  (n  +  l)/4y 

^r^;  -  o  r  ^  +  ^r  ^  ,   for  n  odd  and  (n  -  1)/  2  even;  (15) 

y.  -         ^  ^  _ 
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or 

y-''  =  2  +  yi  -  b,        ^^  /  ^     for  n  even, 
(n  -  2) /  2 

From  (12)  it  can  be  concluded  that  a  is  always  located  somewhere  in 
the  first  quadrant  in  order  to  make  the  pattern  of  an  endfire  array  opti- 
mxim  when  d  <  d-IS    Note  that  (12)  also  holds  true  when  d  =  d-'^  and  yields 
a*  =  n  -  3d'!'  >  0.    There  seems  to  be  a  phase  discontinuity  of  tt  as  com- 
pared with  the  phase  required  by  the  ordinary  endfire  condition.  This 
extra  phase  of  tt  is  actually  taken  care  of  by  (13)  and  (14)  since  k^  =  -1 
and  kg  =  0  for  the  case  of  d  =  d-I^.    For  detailed  discussions  on  this,  see 
the  previous  paper  [Ma,  1965]. 
From  (11)  one  has 

y  =  ki"^    (/  -  ks).  (16) 

If  (16)  is  substituted  into  (1)  and  (2),  the  power  polynomial  becomes,  respect- 
ively, 

n-1 


Q    (y')  =  ki  '^"^"^^    n      (y'  +  b')^        foroddn,  (17) 

k=l  ^ 


n-2 


Q  (y  )  =  k,  -^^-^^y'  -2)  n    (/  +  h'f 


k=l 


n-2 


where 


=  I  ki     ^^"^^  I  (2  -  y')    n      (y'  +  b' )^  for  even  n,  (18) 

k-1  ^ 


b^  -  ki  b^  -  k2    .  (19) 
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Note  that  the  second  form  of  (18)  is  due  to  the  fact  that       <  0  and 
-(n- 1) 

ki  <  0  for  an  even  n.    It  is  clear  from  this  second  form  that 

Q^(y')  S:  0  for  all  physical  values  of  y'  as  it  should  be  for  a  realizable 
power  polynomial.    Note  that  y'  =  2  cos  (pd  +  a)  (or  0  =  0)  is  now  the 
location  of  the  main  lobe  for  both  of  these  transformed  endfire  arrays. 

3.    Numerical  Results 

Based  on  (17)  and  (18),  the  corresponding  array  polynomial 
becomes,  respectively, 

n-1 


E'  (z)  =  Vki  "^^"-^^     n      (1  +  b'z+z^)  for  odd  n,  (20) 


2 

n 
k=i 

n-2 


E' (z)  = /l  ki '^^"■^h    (1  -z)    n      (1  +  b' z  +  z^)  for  even  n.  (21) 

k=l  ^ 

A  new  set  of  excitation  coefficients  required  for  synthesizing  the  optimum 
endfire  array  can  be  determined  by  expanding  (20)  or  (21).    Using  (19) 
and  noting  the  signs  of  k^  and  kg  in  (13)  and  (14),  one  can  see  the  fact  of 
alternating  signs  to  be  associated  with  the  final  excitation  coefficients 
as  clearly  shown  in  figure  6. 

The  directive  gain  (G),  the  null  locations  (0.),  the  sidelobe  loca- 
tions (0    ),  and  the  half -power  point  (0,  )  can  be  calculated,  respectively, 

m  h 

from: 

G=SM|^    ,  U2) 

o 
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with 


-b'  =  2  cos  (|3d  cos  0.  +  a), 
1  J 


i  =  1 ,  2,  .  .  .  ,  k 

j  =  2i  -  1,  and  4k  -  2i  +  1 

i=  1,  2,  k  +  1  (-b^^  J  -  2) 

j  =  2i  -  1,  and  4k  -  2i  +  3 


(23) 


for  odd  n  (=  2k  +  1), 


for  even  n  (=  2k  +  2), 


with 


and 


where 


y'  =  2  cos  (gd  cos  0     +  a), 

'L  m 


1=1,  2,  .  .  .  ,  k  (y^  =  2), 

m  =  2t,  and  4k  -  2-t 

=  1 ,  2 ,  .  .  .  ,  k 

m  =  Zl,  and  4k  -  2-6  +  2 


y'  =  2  cos  Od  cos  0,  +  a), 
h  h 


(24) 


for  odd  n  (=  2k  +  1), 


for  even  n  (  =  2k  +  2), 


(25) 


W  = 


'  Q(y) 

y'  /IV"^ 
a 


dy  , 


2  cos  (-3d  +  a), 
2  cos  (3d  +  a), 


and  y,  is  determined  by 
h 


Q(y')  =  iQ(y'). 

n  a 


(26) 
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Equations  (Z3),  (24),  and  (25)  are  so  expressed  that  the  final  power 
pattern  of  an  endfire  array,  in  terms  of  9,  will  appear  as  shown  in  figure  2 
It  is  clear  that  the  first  null  beamwidth  and  the  half -power  beamwidth 
are,  respectively,  29 1  and  29^.    Niimerical  results  for  n  =  3  through 
n  =  15  and  then  20,  25,and  30  with  varying  sidelobe  levels  of  10,  15,  20, 
25,  30,  40, and  50  dB  below  the  main  lobe  are  given  in  the  table. 

Typical  curves  clearly  showing  the  detailed  relationships  among 
the  important  quantities  (G,  d,  n,  a,  sidelobe  level,  etc.)  are  given  in 
figures  3  through  10.  For  comparison,  the  corresponding  directivities, 
for  various  d,  if  the  ordinary  endfire  condition  -a  =  3d  is  used  through- 
out, are  also  included  in  figure  3  as  the  dashed  curves  for  n  =  3  through 
n  =  7.    The  points  marked  with  *  on  the  dashed  curves  are  those  when 

1 

d  =  d'l^.    The  limiting  characteristics  when  d  -*  0  are  also  shown  in 
figures  3,  4,  5,  and  6  for  n  =  3,  4,  and  5. 

4.  Reference 

Ma,  M.  T.  (September,   1965),  The  directivity  of  uniformly  spaced 

optimxim  endfire  arrays  with  equal  sidelobes.  Radio  Sci.  ,  J.  Res. 
NBS  69D,  No.  9. 
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5.    Some  Representative  Figures 


Figure  3.        Directivities  for  optimum  endfire  arrays  with  equal  side- 
lobes  (-20  dB). 

Figure  4.        Directivities  in  dB  for  optimum  endfire  arrays  with  equal 
sidelobes  (-20  dB). 

Figure  5.        Beamwidths  in  degrees  for  optimum  endfire  arrays  with 
equal  sidelobes  (-20  dB). 

Figure  6.        Excitation  coefficients  (relative  to  a^)  for  optimum  endfire 
arrays  with  equal  sidelobes  (-20  dB). 

Figure  7.        Phases  in  radians  (as  a  function  of  element  spacing)  required 
for  optimum  endfire  arrays  with  equal  sidelobes  (-20  dB). 

Figure  8.        Phases  in  radians  (as  a  function  of  sidelobe  level)  required 
for  optimum  endfire  arrays  with  equal  sidelobes  (n  =  15). 

Figure  9.        Directive  gain  in  dB  as  a  function  of  sidelobe  level  for 
optimum  endfire  arrays  with  equal  sidelobes  (n  =  5). 

Figure  10.      Directive  gain  in  dB  as  a  function  of  sidelobe  level  for 

optimum  endfire  arrays  with  equal  sidelobes  (d  =  0.  05  X). 
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Figure  3.       Directivities  for  optirniim  endfire  arrays  with  equal  side- 
lobes  (-20  dB). 
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Figure  5. 


Beamwidths  in  degrees  for  optimum  endfire  arrays  with 
equal  sidelobes  (-20  dB). 
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SIDELOBE  LEVEL  (dB) 

Figure  8.      Phases  in  radians  (as  a  fimction  of  sidelobe  level)  required 
for  optimum  endfire  arrays  with  equal  sidelobes  (n  3.  15). 
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Figure  9.         Directive  gain  in  dB  as  a  function  of  sidelobe  level  for 
optimum  endfire  arrays  with  equal  sidelobes  (n  =  5). 
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Figure  10.         Directive  gain  in  dB  as  a  function  of  sidelobe  level  for 

optimum  endfire  arrays  with  equal  sidelobes  (d  =  0.05  X). 
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6.    The  Table 

Based  on  the  preceding  outlines  for  optimum  endfire  arrays  of 
isotropic  elements  with  equal  sidelobes,  this  table  gives  calculated  values 
of  the  following,  for  each  number  of  element  (printed  in  the  table  as  N) 
and  a  sidelobe  level  (printed  as  DB)  (both  on  Row  1),  as  a  function  of 
3d  (Row  2)  or  d/X  (Row  3): 

phase,  a,  in  radians  (printed  as  ALPHA,  Row  4)  using  (12), 

directivity,  G,  as  a  number  (Row  5)  using  (22), 

directivity  in  dB  [printed  as  G(DB),  Row  6]  using  10  log  G, 

normalized  excitation  coefficients,  a. [printed  as  A(i),  i  =  1,  2,  .  .  . 
starting  Row  7]  using  (20)  or  (21)  depending  on  whether  n  is  odd 
or  even.    The  total  number  of  rows  for  a.  depends  on  how  large 
n  is.    The  arrangement  for  a.  has  been  made  as  (also  see 
figure  6): 

l:(-aj:(a2).  .  .  :(-l)^"^a^_^:(-l)\j^:(-l)^"^a^_^.  .  .  :M:{-3.^):1 
for  n  =  2k  +  1 , 

l:(-ai):(as)...:(-l)\^:[-(-l)\^]...:(-a2):(ai):(-l)  for  n  =  2k  +  2, 

half -power-  angle,  8^^,  in  degrees  (printed  as  THETAH,  following 

the  last  row  for  a.)  using  (25), 
1 

location  of  nulls  and  sidelobes,  9.,  in  degrees  [printed  as 
THETA  (i),  i  =  1,  2,  ...  with  o  dcii  representing  nulls  and  even  i 
for  sidelobes,  following  the  row  for  9^^]  using  (23)  and  (24). 

Again,  the  total  number  of  rows  for  9^  depends  on  n. 

half -power  beamwidth,  29   ,  in  degrees  [printed  as  BW(H),  fol- 
lowing the  last  row  for  9  .  J,  and  lastly, 

first-null  beamwidth,  29i  ,  in  degrees  [printed  as  BW(1)]. 

Note  that  the  first  Pd  coiinted  from  the  left-hand  side  (e.  g.  ,  2.  337 
for  N  =  3  and  dB  =  10)  is  actually  Pd-I'  which  is  the  starting  point  of  our 
main  interest  in  this  monograph.    The  corresponding  number  on  the 
next  row  (e.  g.  ,  0.  372  for  N  =  3  and  dB  =  10)  is  then  d-'/X. 
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The  calculations  for  this  table  were  all  done  carrying  eight  signifi- 
cant digits,  but  for  printing  purposes  the  results  were  rounded  to  four 
significant  digits,  except  for  the  a^  which  were  rounded  to  five  signifi- 
cant digits.    In  order  to  verify  the  computed  accuracy  of  the  table,  the 
results  were  checked  for  at  least  half  of  the  3d' s  for  each  case  with  a 
double -precisionprogram  (i.  e.^ fifteen  significant  digits).    Note  that  for 
many  cases  (e.  g.  ,  N  =  2  5  and  dB  =  30),  the  number  of  printed  columns 
is  far  less  than  we  would  expect,which  is  due  to  the  obviously  questionable 
character  of  the  results  even  when  using  a  double-precision  program. 
Only  those  data  where  the  significance  of  the  results  was  clearly  accept- 
able are  presented.    There  should  be  no  error  of  more  than  1  vmit  in 
the  last  digit  tabulated,  and  even  an  error  of  1  unit  should  be  rare.  The 
program  was  also  checked  for  accuracy  by  comparing  a  few  computed  ! 
values  with  hand  calculations. 
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N»  J  De»=  10. 


BETAO 

2.337 

2.199 

1  .885 

1.571 

1.257 

0.942 

0.628 

0.314 

D/LAHBDA 

0.372 

0.350 

0.300 

0.250 

0.200 

C.150 

0.  IOC 

0.050 

ALPHA 

0.805 

0.683 

0.488 

0.  358 

0.262 

0.184 

0.  117 

0.057 

G 

4.18 

'..90 

6.14 

5.98 

7.55 

7.96 

8.22 

8.  36 

G  (DB ) 

6.22 

6.90 

7. 88 

8.44 

8.  79 

9.01 

9.15 

9.22 

A(  11 

1.0393E  00 

1.055CE  00 

1.1738E  00 

1.3509E  00 

1.5445E  00 

1.7260E  00 

1.8724E  CO 

I.9572E  00 

THETAH 

54.6 

49.9 

40.  9 

36.5 

33.9 

32.3 

31.4 

30.8 

THEIAf 

11 

8<..6 

81.3 

76.0 

72.6 

70.2 

68. S 

67.4 

66  .  8 

IHETAC 

2) 

110.1 

108.1 

105.0 

103.2 

102.0 

101.3 

100.8 

100.5 

IHETA( 

3) 

141.5 

140.6 

139.5 

139.1 

139.1 

139.2 

139.4 

139.4 

THETAI 

41 

180.0 

180.0 

180.0 

180.0 

180.0 

180.0 

180.0 

180.0 

BH(HI 

109.2 

97.9 

81.7 

73.0 

57.9 

64.7 

52.7 

61.6 

ew(i) 

169.2 

162.6 

152.  1 

145.1 

140.3 

137.0 

134.8 

133.5 

N=  4  08=  10. 


6ETAD 

2.569 

2.513 

2.  199 

1  .885 

1.571 

1.257 

0.942 

0.628 

0.314 

D/LAH8DA 

0.409 

0  .400 

0.350 

0.300 

0.250 

0.200 

0.  15C 

O.lOO 

0.05C 

ALPHA 

0.573 

0.521 

0.337 

0.  237 

0.173 

0.126 

0.088 

0.056 

0.C27 

G 

5.82 

5.39 

8.56 

9.97 

10.80 

11.35 

11.72 

11.95 

12.09 

G(OB) 

7.65 

8.06 

9.37 

9.99 

10.33 

10.55 

10.59 

10.78 

10.82 

Al  1) 

8.7938E-01 

8.8554E-01 

1.05836  00 

1.3844E  00 

1.7576E  00 

2.1385E  00 

2.4850E  00 

2.7611E  00 

2.93e7E  CO 

THETAH 

43.2 

40.3 

30.7 

25.5 

24.1 

22.7 

21.8 

21.2 

20.9 

THETAt  11 

55.7 

63.9 

56.9 

52.8 

50.0 

48.1 

46.7 

45.9 

45.4 

THETA(  21 

83.4 

82.1 

77.1 

74.2 

72.1 

70.6 

69.5 

68.8 

68.4 

IHETA(  31 

102.9 

102.0 

98.  8 

97.2 

95.3 

95.7 

95.4 

95.1 

95.0 

THETAI  4) 

124.1 

123.5 

121.9 

121.6 

121.8 

122.1 

122.4 

122.  7 

122.8 

THETAI  51 

149.0 

148.7 

148.4 

148.9 

149.6 

150.2 

150.7 

151.1 

151  .3 

THETAI  6) 

180.0 

180.0 

180.0 

180.0 

180.0 

180.0 

180.0 

180.0 

180.0 

BH(H) 

86.4 

80.5 

51.5 

52.9 

48.3 

45.4 

43.5 

42.4 

41.8 

BHI  1) 

131.3 

127.7 

113.8 

105.5 

100.0 

96.1 

93.5 

91.7 

90.7 

N=  5  DB=  10. 


BETAD 

2.702 

2.513 

2.  199 

1.885 

1.571 

1.257 

0.942 

0.528 

0.314 

0/LAMBDA 

0.430 

0.400 

0.350 

0.300 

0.250 

0.200 

0.150 

0.100 

6.050 

ALPHA 

0,440 

0.305 

0.195 

0.137 

0.  100 

0.073 

0.051 

0.032 

0.015 

G 

7.19 

9.56 

11.55 

12.79 

13.48 

13.94 

14.24 

14.43 

14.54 

GIDBI 

8.57 

9.80 

10.67 

11.07 

11.30 

11.44 

11.53 

11.59 

11.62 

Al  1) 

7.2482E-01 

8.0957E-01 

1.1610E  00 

1.6480E  00 

2.1993E  00 

2.7543E  00 

3.2563E  00 

3.5553E  00 

3.9117E  00 

Al  2) 

7.9049E-01 

8.9161E-01 

1.3294E  00 

1.9e75E  00 

2.8039E  00 

3.7025E  00 

4.5B18E  00 

5.3255E  00 

5.8243E  00 

THETAH 

35.7 

28.3 

22.3 

19.6 

18.0 

17.0 

15.4 

16.0 

15.8 

THETAI 

1) 

55.2 

49.4 

43.7 

4C.3 

38.0 

36.4 

35.4 

34.7 

34.3 

THETAI 

2) 

59.4 

55.0 

60.5 

57.5 

55.5 

54.0 

52.9 

52.  1 

51.7 

THETAI 

31 

84.3 

81.0 

77.9 

75.9 

74.5 

73.5 

72.7 

72.  I 

71.8 

THETAI 

4) 

99.4 

97.0 

95.1 

94.2 

93.5 

93.3 

93.1 

93.0 

92.9 

THETAI 

5) 

115.1 

113. 5 

112.8 

112.9 

113.2 

113.5 

113.9 

114.2 

114.4 

THETAI 

61 

132.6 

131.7 

132.0 

132.9 

133.9 

134.7 

135.4 

135.8 

136.1 

THETAI 

7) 

153.5 

153.3 

154.2 

155.3 

156.2 

156.9 

157.4 

157.8 

158.0 

THETAI 

8) 

180.0 

180.0 

180.0 

18C.0 

180.0 

180  .0 

180.0 

180.0 

180.0 

BWIHI 

73.4 

55.5 

44.5 

39.1 

36.0 

34.  1 

32.8 

32.0 

31.6 

BW(1) 

110.5 

98.8 

87.5 

80.6 

76.0 

72.9 

70.7 

69.3 

58.5 

N=  6  DB=  10. 


BETAD 

2.786 

2.513 

2.  199 

1.885 

1.571 

1.257 

0.942 

0.528 

0.314 

D/LAMBDA 

0.443 

0.400 

0.350 

0.  300 

0.250 

0.200 

0.  150 

0.100 

0.050 

ALPHA 

0.356 

0.198 

0.127 

0.089 

0.065 

0.047 

0.033 

0.021 

0.010 

G 

8.34 

12.02 

13.79 

14.71 

15.26 

15.62 

15.86 

16.01 

16.09 

GIDBI 

9.21 

10.80 

11. 

39 

11.68 

11.84 

11.94 

12.00 

12.04 

12.07 

Al  11 

6.0712E-01 

8.0592E-01 

1.29elE 

00  1 

9418E  00 

2.6516E  00 

3.3834E  00 

4.0353E 

DO 

4.5530E  00 

4.8654E  00 

Al  21 

6.8C84E-01 

9.3714E-01 

1.6352E 

00  2 

595CE  00 

4.0784E  00 

5.6729E  00 

7.2921E 

30 

8.6989E  00 

9.55e9E  00 

THETAH 

32.4 

21.7 

17 

.5 

15.5 

14.4 

13.5 

13 

.  1 

12.8 

12.7 

THETAI 

11 

48.5 

40.3 

35 

.5 

32.6 

30.5 

29.3 

28 

.4 

27.8 

27.5 

THETAI 

2) 

60.6 

54.2 

50 

.0 

47.2 

45.1 

43.7 

42 

.5 

41.9 

41.5 

THETAI 

31 

73.1 

68.1 

54 

.9 

52.5 

61.0 

59.7 

58 

.7 

58.  1 

57.7 

THEIAI 

41 

85.2 

81.4 

79 

.2 

77.8 

75.7 

75.9 

75 

.3 

74.9 

74.6 

THETAI 

51 

97.3 

94.5 

93 

.3 

92.7 

92.4 

92.  1 

92 

.0 

91.9 

91.9 

THETAI 

61 

109.8 

107.9 

107 

.6 

107.8 

108.2 

108.6 

108 

.9 

109. 1 

109.3 

THETAI 

71 

123.1 

122.1 

122 

.7 

123.5 

124  .5 

125.4 

126 

.1 

125.5 

126.9 

THETAI 

81 

138.2 

138.0 

139 

.3 

140.7 

142.0 

143.0 

143 

.7 

144.2 

144.5 

THETAI 

91 

156.5 

157.0 

158 

.3 

159.5 

150.5 

161.2 

161 

.7 

162  .0 

152.2 

THETA(IO) 

180.0 

180.0 

180 

.0 

180.0 

180.0 

180.0 

180 

.0 

180.0 

180.0 

BWIHI 

54.7 

43.4 

35 

.0 

31.1 

28.7 

27.3 

25 

.3 

25.7 

25.3 

BUI  11 

97.0 

80.7 

71 

.0 

55.1 

61.3 

58.6 

56 

.8 

55.6 

55.0 

2X 


N=  7  DB: 


1=  10. 


BET  AD 

2  >  843 

_    CI  -a 

2.  199 

1.571 

1.257 

0.942 

0,628 

D /LAMBDA 

n'  cnn 
n  1 

0.350 

0  ■  300 

0.250 

0  .  20C 

0.  150 

0,  100 

ALPHA 

0  •  299 

0.283 

0.089 

0  .  062 

0.045 

0  .033 

0.023 

0.015 

Q 

9-31 

-  ^ 

16.01 

16.45 

16.73 

16.92 

17.04 

G  ( DB ) 

q  ft7 

1140 

It 

12.  04 

12. 

16 

12.24 

12.28 

12.31 

A  I   2  I 

^* 

2033E  01 

o    /.  r/.cc_/\] 
O  .        05 1  ~0  1 

in 

2  > 

2522E  00 

3 

1356E 

00 

4.0203E  OC 

4.8ie8E  00 

5,4527E  00 

otJUlt  — Ul 

1      (*11"T3C  nrt 

1  ■  U  1  f  :)c  UU 

Tn 

3 . 

5203E  00 

5 

5937E 

00 

8.0610E  CO 

1.0624E  01 

1.2886E  01 

o  •  I U  1  ?  t   U  L 

1  1  Q  a  c  n  1 

1      A  Q  1  7C     A  A 

1965E 

TA 

00 

4  ■ 

0488E  00 

6 

6985E 

00 

1  .00 lOE  C 1 

1.3595E  01 

1.6B64E  01 

29  •  3 

28.1 

17.6 

1 A 

■  5 

12.9 

12 

.0 

11.4 

11  .0 

10.7 

T  HE  TA  (    1  ) 

':3  •  7 

^3.0 

3*^.  1 

f  ^ 

''^ 

27,3 

25 

.6 

24.5 

23.7 

23.2 

T  uC  T  »  (      "i  I 

1  Hb  1  fl  1    £.  1 

54.5 

53.9 

46.  6 

39,9 

38 

.0 

36.6 

35.7 

35.0 

T  HE  T  A (    3  ) 

64  •  9 

59.1 

'  8 

53.4 

51 

.6 

50.2 

49.  3 

48.6 

T  HE  T  A  (  ) 

75  •  8 

75  •  4 

70.  8 

66 

.  3 

66  .5 

65 

.1 

64.  1 

63.2 

62.7 

r  HE  T A  (    5  ) 

85.6 

82.1 

80 

.4 

79.3 

78 

.5 

77,8 

77.3 

77.0 

The  TA  (    6  ) 

96 'o 

92 

.3 

91 

,6 

91.5 

91.4 

91.3 

T  HE  T A  (  71 

106  •  3 

106*1 

104*  A 

lO't 

.3 

10^  '& 

104 

,9 

105.3 

105.6 

105.8 

THETAI  8) 

117.1 

116.9 

116.0 

116 

.7 

117,6 

118 

.5 

119.3 

119.9 

1 20  •  4 

THETA(  91 

128.8 

128.7 

128.6 

130 

.0 

131,5 

132 

.7 

133.8 

134.6 

135.1 

THETA( 10) 

142.3 

142.2 

142.9 

14A 

.  7 

1^*6. A 

147 

.7 

148.7 

149,5 

150.0 

THETAt  U ) 

158.8 

158.8 

159.8 

161 

.4 

162,7 

163 

.6 

164.2 

164.  7 

164,9 

THETA( 12 ) 

180.0 

180.0 

180.0 

180 

.0 

180.0 

180 

.0 

180.0 

180.0 

180,0 

DW(H) 

58.5 

56.3 

35.2 

28 

.9 

25.8 

23 

.9 

22.7 

21.9 

21.4 

6U(1)  , 

87.5 

86.0 

68.2 

59 

.7 

54,6 

51 

.3 

49.0 

47.5 

46.5 

0.314 
0.050 
0.007 

17.10 
12.  33 
5.8597E  00 
l.'i'.^'iE  01 
1.9168E  01 
10.6 
23.0 
34.7 
48.2 
62.3 
76.8 
91.3 
105.1 
120.  7 
135.4 
150.3 
165.1 
180.0 
21.1 
45.9 


N=  8  0B=  10. 


BET  AO 

2.885 

2.827 

2.513 

2.  199 

1.885 

1.571 

1.257 

0.942 

0.62a 

D/LAMBOA 

0.459 

0.450 

0.400 

0.350 

0.300 

0.250 

0.200 

0.150 

0.100 

ALPHA 

0.257 

C.209 

0.  102 

0.065 

0.045 

0.033 

0.024 

0.017 

O.OU 

G 

10.  13 

11. 

65 

15. 

12 

16.30 

16.90 

17. 

26 

17. 

49 

17.63 

17.73 

GIDBI 

10.06 

10.66 

11  . 

80 

12. 

12 

12. 

28 

12. 

37 

12.43 

12.46 

12.49 

Al  11 

4.5193E-01 

4.6971E- 

01 

B.9404E- 

01 

1. 

6324E 

00 

2. 

5724E 

00 

3.6167E 

00 

4.6519E 

00 

5.5051E  00 

6.3537E  00 

A(  21 

5. 1028E-01 

5.3274e- 

01 

1. 1224E 

00 

2. 

3937E 

00 

4. 

4630E 

00 

7.3541E 

00 

1.0872E 

01 

1.4581E  01 

1.7888E  01 

A(  3) 

41346-01 

5.6637E- 

01 

1.2512E 

00 

2. 

8532E 

00 

5. 

7556E 

00 

1 .0188E 

01 

1.6044E 

01 

2.2663E  01 

2.8889E  01 

THETAH 

26.9 

23 

.0 

14 

.9 

12 

.3 

11 

.0 

10 

.2 

9 

.7 

9.4 

9.2 

rHeTA(  I) 

40.1 

37 

.4 

29 

.5 

25 

.8 

23 

.5 

22 

.0 

21 

.0 

20.4 

19.9 

THETAt  2) 

49.9 

47 

.7 

41 

.0 

37 

.2 

34 

.6 

32 

.8 

31 

.5 

30.5 

30.1 

THETAt  3) 

59.6 

57 

.9 

52 

.4 

49 

.0 

46 

.5 

44 

.7 

43 

.4 

42.4 

41.7 

THETAt   4  1 

68.9 

67 

.5 

63 

.0 

50 

.3 

58 

.3 

55 

.7 

55 

.4 

54.5 

53.9 

THETAt  51 

77.8 

76 

.6 

73 

.  1 

71 

.1 

59 

.5 

58 

.4 

67 

.4 

66.7 

66.2 

THETAt  6) 

86. 5 

85 

.5 

82 

.8 

81 

.5 

80 

.5 

79 

.8 

79 

.3 

78.9 

78.6 

THETAt  71 

95.  1 

94 

.3 

92 

.3 

91 

.7 

91 

.4 

91 

.2 

91 

.1 

91.0 

91.0 

THETAt  8) 

103.9 

103 

.1 

102 

.0 

102 

.0 

102 

.3 

102 

.7 

103 

.0 

103.2 

103.5 

THETAt  9) 

112.9 

112 

.3 

111 

.9 

112 

.6 

113 

.5 

114 

.3 

115 

.0 

115.6 

116.0 

THETAt 10) 

122.5 

122 

.1 

122 

.4 

123 

.7 

125 

.1 

126 

.3 

127 

.3 

128.  1 

128.6 

THETAt 11 1 

133.1 

132 

.8 

133 

.8 

135 

.  7 

137 

.4 

138 

.8 

139 

.9 

140.8 

141.3 

THETAt 12) 

145.3 

145 

.2 

146 

.8 

148 

.9 

150 

.7 

152 

.0 

153 

.C 

153.7 

154.2 

THETAt 13) 

160.5 

160 

.5 

152 

.  1 

163 

.8 

155 

.0 

165 

.8 

166 

.4 

166.8 

167.1 

THETAt 14 ) 

180.0 

180 

.0 

180 

.0 

180 

.0 

180 

.0 

180 

.0 

180 

.0 

180.0 

180.0 

BMtH) 

53.8 

46 

.0 

29 

.  7 

24 

.5 

22 

.0 

20 

.5 

19 

.5 

18.8 

18.4 

ewi  1  ) 

80.2 

74 

.9 

59 

.  1 

51 

.5 

47 

.0 

44 

.  1 

42 

.  1 

40.7 

39.9 

BETAD 

2.915 

2.827 

2.513 

2.  199 

1.885 

1.571 

1.257 

0.942 

D/LAMBDA 

0.454 

C.450 

0.400 

0.350 

0.300 

0.250 

0.200 

0.150 

ALPHA 

0.226 

0.161 

0.079 

0.050 

0.035 

0.026 

0.019 

0.013 

G 

10.84 

13.15 

16.08 

17.05 

17.54 

17.83 

18.01 

18.  13 

G(OB) 

10.35 

11.19 

12.06 

12. 

32 

12.44 

12.51 

12. 

56 

12.58 

At    1  ) 

3.9951E-01 

4.437?E-01 

9.5902E-01 

1.8144E 

00 

2.8988E 

00 

4 

1024E 

00 

5 

3055E 

00 

5 

.3932E  00 

At  2) 

4.4939E-01 

5.0533E-01 

1.2464E  00 

2.8432E 

00 

5. 5247E 

00 

9 

3618E 

00 

1 

4107E 

01 

1 

.9166E  01 

At  31 

4.8131E-01 

5.44996-01 

1.4464E  00 

3.6471E 

00 

7.8614E 

00 

1 .4675E 

01 

2 

4057E 

01 

3 

.4995E  01 

At  4) 

4.9229E-01 

5.5858E-01 

1.5181E  00 

3.9514E 

00 

8.8016E 

00 

1 

6944  E 

01 

2 

8539E 

01 

4 

.2448E  01 

THEIAH 

25.0 

19.4 

12.9 

10 

.7 

9 

.6 

9 

.0 

8 

.5 

8.2 

THETAt  1) 

37.3 

33.2 

25.0 

2? 

.6 

20 

.6 

19 

.3 

18 

.4 

17.8 

THETAt  2) 

45.3 

43.0 

36.6 

32 

.9 

30 

.5 

28 

.8 

27 

.7 

26.9 

IHETAt  31 

55.2 

52.5 

47.1 

43 

.7 

41 

.3 

39 

.5 

38 

.1 

37.2 

THETAt  41 

63.6 

61.4 

56.9 

54 

.0 

51 

.8 

50 

.  1 

48 

.8 

47.9 

THETAt  5) 

71.6 

69.7 

66.  1 

63 

.8 

52 

.0 

60 

.5 

59 

.5 
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157.7 
162.5 
167.9 
173.7 
180.0 
10.8 
23.7 


58.19 
17.65 
2.8605E  00 
5.5287E  00 
1.2598E  01 
2.2089E  01 
3.5255E  01 
5.247nE  01 
7.3544E  01 
9.7752E  01 
1.2386E  02 
1.5017E  02 
1.7470E  02 
1.9537E  02 
2.1035E  02 
2.1822E  02 
3.9 
8.9 
12.1 
15.9 
19.9 
23.8 
27.5 
31.2 
34.  7 
38.0 
41.2 
44.3 
47.  3 
50.2 
53.  1 
55.8 
58.5 
61.1 
53.  7 
66.2 
58.  7 
71.2 
73.6 
75.  1 
78.5 
80.8 
83.2 
85.  5 
87.9 
90.2 
92.6 
94.  9 
97.3 
99.  7 
102.0 
104.4 
106.9 
109.  3 
111.8 
114.3 
116.8 
119. 4 
122.1 
124.8 
127.  5 
130.4 
133.3 
136.4 
139.  5 
142.8 
145.2 
149.7 
153.5 
157.4 
161.5 
155.9 
170.  5 
175.2 
180.0 
7.8 
17.7 


59.49 
17.74 
5.0559E  00 
2.2502E  01 
6.4103E  01 
1.5244E  02 
3.1607E  02 
5.8539E  02 
9.8994E  02 
1.5384E  03 
2.2191E  03 
2.9890E  03 
3.7750E  03 
4.48eOE  03 
5.0301E  03 
5.3234E  03 
3.3 
7.5 
1C.4 
13.8 
17.4 
21.1 
24.7 
28.2 
31.6 
35.0 
38.3 
41.5 
44.6 
47.5 
50.6 
53.5 
55.3 
59.  1 
61.8 
64.5 
67.2 
69.8 
72.4 
75.0 
77.5 
80.  1 
82.5 
85.2 
87.7 
90.2 
92.  7 
95.2 
97.7 
100.3 
102.8 
105.4 
108.0 
11C.5 
113.2 
115.9 
118.6 
121.3 
124.1 
127.0 
129.9 
132.9 
135.9 
139.1 
142.3 
145.6 
149.0 
152.5 
156.2 
159.9 
153.8 
167.6 
171.8 
175.9 
180.0 
6.7 
15.2 
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N=  3  0B=  20. 
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0.942 
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ALPHA 
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G 

3.61 
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180.0 
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H=  4  08=  20. 


BETAO 
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2.199 

1.885 
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D/LAHBOA 

0.362 

C.350 
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C.150 
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G 
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B.88 
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49,  I 
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68.  9 
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80.5 

79.4 
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102.9 
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99.3 
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97.9 

97.6 

97.4 
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121.6 

119.3 

118.1 

117.6 

117.4 

117.4 

117.4 
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137.3 

136.9 

137,0 

137.3 

137.5 
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rHETA(  7) 
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157.5 

157.6 

157.9 

158.3 

158.6 

158.8 

159-0 

THETA(  81 
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180.0 
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180.0 

180.0 
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180-0 
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63.8 

52.3 

46.6 

43.4 

41.4 

40.2 

39-5 
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112.6 

105.9 

101.3 

98.2 

96.2 
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H=  6  0B=  20. 
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23.48 

27.  15 

30.23 
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33 

8 

24,1 

2C 

.4 

18.5 
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/HETA( 
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59.7 

57 

5 
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45 

.6 

42.8 

40.9 

39,6 

38.8 
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2) 
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56 

8 
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56 

.4 

53,7 

51.8 

50,5 

49.7 
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79.4 

77 

.9 
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69 

.4 

67.2 

65.6 

64.4 

53.6 

63.2 

THETAi 

»> 

90,8 

89 

.5 

85-5 

83 

.1 

81.5 

80. 3 

79.5 

79.0 

78,7 
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5) 
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7 

98.6 

97 

.1 

96.2 

95.6 

95.2 

95.0 

94.9 

THETA ( 

61 
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3 
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.5 
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111. 3 

111.4 

111.5 
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i  HE  T  4  ( 

7  1 

128.5 
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.9 

125,  7 
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.7 

127.0 

127.5 

127.9 

128.2 

128.4 

THCTAl 

8) 

143,5 
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.1 

142.6 

'43 

.1 

143.  7 

144  .  4 

144.9 

145.3 

145.5 

rHETA( 

91 

150.6 
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.4 

160.4 

16C 

.9 

161.5 

152.0 

162.3 

152.6 

162.7 

THEIAdO) 

180.0 

180 

.0 

180.0 
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.0 

180.0 

180.0 

180.0 

180.0 

180.0 

e>4(HI 

74.9 

57 

.5 

48.  3 

40 

.8 

37.0 

34.7 

33.2 

32.3 

31.8 

BW(  11 

119,5 

115 

.0 

99.9 

91 

.2 

85.6 

81.8 

79.3 

77.6 

76.6 
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N=  7  0B=  20. 


BETAO 

2.662 

2.513 

2.199 

1.8B5 

1.571 

1.257 

0.942 

0.628 

0.314 

D/L4MB0A 

0.423 

0.400 

0.350 

0.300 

0.250 

0.200 

0.150 

0.100 

0.050 

ALPHA 

0.<>80 

C  .  364 

0.  234 

0.  164 

0.119 

0.087 

0.061 

0.039 

0.019 

G 

11. 

03 

16. 

75 

25. 

94 

32.41 

37. 

13 

40. 

60 

43. 

10 

44.  78 

45.74 

G(OBI 

10. 

43 

12.24 

14. 

14 

15. 

11 

15. 

70 

15.09 

15.34 

15. 

51 

15.60 

A)  11 

1.276'iE 

00 

1.35876 

00 

1.8457E 

00 

2. 

5513E 

00 

3.3571E 

00 

4.1707E 

00 

4.9077E 

DC 

5.49366 

00 

5.87026  00 

A(  21 

1.6837E 

00 

1.8202E 

00 

2.5974E 

00 

4. 

1787E 

00 

6. 1746E 

00 

B.5194E 

00 

1.09296 

01 

1 .3039E 

01 

1.4485E  01 

A(  31 

1 .8387E 

00 

1.9972E 

00 

3.0395E 

00 

4. 

a749E 

00 

7.4641E 

00 

1 .0641E 

01 

1.4031E 

CI 

1 .7C89E 

01 

1.923CE  01 

THETAH 

33 

.  B 

26 

.  1 

19 

.4 

It 

.8 

15 

.  3 

14 

.4 

13 

.9 

13 

.5 

13.3 

IHETA(  1) 

53 

.6 

48 

.5 

42 

.0 

38 

.3 

35 

.9 

34 

.3 

33 

.2 

32 

.5 

32.1 

rHEIA(  2) 

61 

.  4 

57 

.0 

5 1 

•  3 

47 

.7 

45 

.  3 

43 

.5 

42 

.4 

41 

.6 

41.2 

THETAI  31 

70 

.  8 

57 

.  1 

62 

.  2 

59 

.1 

55 

.  9 

55 

.  3 

54 

.1 

53 

.4 

52.9 

THETAI  41 

80 

.  5 

77 

.4 

73 

.  5 

71 

.0 

69 

.  2 

67 

.9 

56 

.9 

56 

.3 

65.9 

THEIA(  51 

90 

.  3 

87 

.8 

84 

.  6 

83 

.0 

8 1 

80 

.8 

80 

.2 

79 

.8 

79.5 

THETAI  6J 
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.4 

98 

.3 

95 

.  1 

95 

.0 

94 

.4 

94 

.0 

93 

.7 

93 

.5 

93.5 

IHETA(  7) 
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.7 
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.1 
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.7 
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.3 
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.2 
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.  3 
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.4 
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.5 
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IHETA(  81 
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.7 
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.5 

119 

.8 
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.0 
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.4 
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.9 
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.4 
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.7 

121.9 

THEIA(  9) 
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.6 
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.7 
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.7 
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.4 
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.3 

135 

.0 
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.5 

135 

.1 
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THETAI 101 
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.0 
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.5 
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.9 

147 

.9 
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.8 
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.6 
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.2 
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.5 
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THETAI 11 1 
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.5 
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.3 
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.8 
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.5 
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.2 
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.  7 
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.C 
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.3 
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.0 
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.0 
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.0 
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.0 
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.0 
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.0 
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.0 
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.0 
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67 

.6 

52 

.2 

38 

.9 

33 

.5 

30 

.5 

28 

.9 

27 

.7 

27 

.0 

25.5 
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.2 

96 

.9 

84 

.0 

75 

.6 

71 
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68 

.6 

55 

.4 
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N=  8  06=  20. 
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0 
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91 
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34.33 
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90 
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34 
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11 
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70 
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35 
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22 
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75 
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.5 
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.9 
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.3 
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.3 
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.3 
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.7 
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.7 
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.5 
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.9 
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.7 
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N=   9  DB=  20. 
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